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Abstract 



Starting from the continuum Dirac operator, I construct a renormalisation group blocking which 
Oh' transforms the continuum action into a lattice action, and I specifically consider the Wilson and 

, overlap formalisms. For Wilson fermions the inverse blocking is non-local and thus invalid. How- 

ever, I proceed to demonstrate that it is possible to construct a valid, local, blocking which, though 
dependent on the lattice spacing, generates the lattice overlap fermion action from the continuum 
action. 

Using this renormalisation group blocking for overlap fermions, I re-derive the Ginsparg- Wilson 
' equations and the lattice chiral symmetry, and show that the standard Ginsparg- Wilson relation 

is not the most general way of expressing chiral symmetry on the lattice, nor, for overlap fermions, 
i' the most natural. I suggest how this reformulation of the Ginsparg- Wilson relation combined with 

O , the renormalisation group formulation of overlap fermions could allow the construction of a CV 

invariant lattice chiral gauge theory. 
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1. Introduction 



CO ' Chiral symmetry is one of the most important properties of the massless continuum QCD 



Lagrangian. In lattice QCD, however, it causes something of a problem. 
The infinitesimal chiral transformation is usually given as 

V' ^ V' + w?/'75, (1) 

and it is clear that the massless fermion action, with Dirac operator Dq, ipDoTp, is invariant under 
this symmetry because 

{i^o,75} = 0. (2) 

However, on the lattice, Nielsen and Ninomiya showed that it is impossible to simultaneously 
satisfy equation ([2]) while maintaining translation invariance, locality, and having a theory without 
doublers [ij . An alternative way of expressing their no-go theorem is to say that any lattice theory 
must have an equal number of left- and right-handed fermions, which seems to forbid the existence 
of zero modes which in the continuum cause an imbalance in this number. Shortly afterwards, 
based on a construction derived from the renormalisation group, Ginsparg and Wilson described 
a way in which chiral symmetry could be maintained on the lattice, namely that the right-hand 
side of equation (O) could be modified to give a term which is both local and which vanishes in the 
continuum limit [2]. However, no solutions were found, the Ginsparg- Wilson equation forgotten, 
and for over ten years the lattice community continued believing that chiral symmetry and the 
lattice were incompatible. 

In the 1990s, three lattice Dirac operators were proposed which do satisfy Ginsparg and Wil- 
son's equation, in two cases approximately (in practical simulations) and in the other exactly 
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(up to working numerical precision). Kaplan noted that by switching to a 5-diniensional lattice, 
and treating the four-dimensional lattice as one wall of the 5D lattice, he could separate the left 
and right handed fermions by a large enough distance in the fifth dimension that they would not 
interact 0, 0j 01 ■ -^Y sending the size of the 5th dimension to infinity, this would give a chiral 
lattice Dirac operator, the domain wall fermion. In practice, the size of the 5tli dimension cannot 
be increased to such a degree that the chiral effects can be utterly neglected, and domain wall 
fermions are only approximately chiral, albeit to an exceptionally good approximation. 

Shortly afterwards, and inspired by Kaplan's work, Neuberger reasoned that if the Dirac op- 
erator described an infinite number of fermion fields, then one could also have a number of zero 
modes and the same number (i.e. oo) of left- and right-handed fermions @, 0)11, @]- This lead him 
to the overlap formula. The domain wall action reduces to a form of the overlap action at infinite 
fifth dimension. 

About the same time, several researchers were experimenting with the idea of applying a 
renormalisation group blocking to a gauge field on a coarse lattice to obtain another at a finer 



lattice [10] , and this idea was later extended to incorporate lattice fermions [ll|, , and has since 



been suggested as a way to include super-symmetry on the lattice 13|. In principle, if the form of 
the lattice action would be invariant under such a blocking, then it would be classically perfect: 
a non-perturbative approximation to a perfect action, with small scaling artifacts. This could 
be achieved by repeating the blocking numerous times, starting with a suitable lattice operator, 
and the action would flow towards a fixed point, which would satisfy the lattice chiral symmetry. 
Unfortunately, it is not possible to implement a closed form of the fixed point action, so the 
blocking procedure has to be truncated, again leading to an imperfect chiral symmetry. 



In the context of his work, Peter Hasenfratz rediscovered the Ginsparg- Wilson equation , 
and showed that his classically perfect fermions satisfied the lattice chiral symmetry. It was 
subsequently realised that overlap fermions also obeyed the Ginsparg- Wilson symmetry, and by 
extension domain wall fermions almost obey it, Martin Liischer discovered that the Ginsparg 
Wilson equation implied a symmetry of the lattice fermion action [l5| , and the age of lattice chiral 
fermions was born. 

Subsequently, there have been numerous other either approximate 16, 17, 18, l3| or exact [20L 



21l . |22| chiral lattice Dirac operators proposed, although none offer any significant improvements 
over the original methods. 

However, there are two outstanding theoretical issues concerning lattice chiral fermions which 
remain troubling. Firstly, the construction of a lattice chiral gauge theory using the standard 
Ginsparg- Wilson formahsm violates CV 23, 24, 2^1, although, since CV is restored in the contin- 
uum limit, it is natural to assume that the effects of this violation are as negligible as the broken 
Lorentz symmetry on the lattice. It has recently been shown that this broken CV is related to an 
observation that the lattice Ginsparg- Wilson Dirac operators do not just obey one chiral symm etry 
but an infinite group of chiral symmetries, each with a different (unrenormalised) current 2^, 27 1. 

Secondly, and troubling at more of a theoretical than practical level, the Ginsparg- Wilson 
equation and the fixed point fermions were derived from renormalisation group considerations; 
while overlap and domain wall fermions were derived by an entirely different approach. That they 
satisfy (or approximately satisfy) the Ginsparg- Wilson relation hints that there could be some 
relationship between these operators and the renormalisation group. An understanding of this 
relationship would tie up a loose end to the theoretical basis of lattice chiral symmetry. It could 
also, in principle (if not necessarily in practice), be used to calculate the renormalisation group 
coefficients of the action, or to take a continuum limit without an extrapolation (in the lattice 
spacing), since if the lattice theory were linked to the continuum theory by a renormalisation group 
transformation, then the continuum limit could be achieved just by calculating the appropriate 
renormalisation constants. 

Until this work, there was no known relationship between the overlap operator and the renor- 
malisation group. Here, I shall derive the (infinite volume) overlap action by applying a simple, 
exponentially local, renormalisation group blocking to the continuum Euclidean fermion action. 
I shall demonstrate by extensive calculation that this blocking is valid, in the sense that it is 
analytic, local and reversible. A corollary is that it is possible to apply a blocking to the over- 



2 



lap action that gives the continuum action without taking any zero lattice spacing limit. Thus, 
(under certain conditions) overlap lattice QCD is not just a theory that approaches continuum 
(Euclidean) QCD, it is continuum QCD in a particular (and somewhat peculiar) renormalisation 
scheme. 

This formalism naturally leads to a discussion of the construction of a chiral gauge theory on 
the lattice. Most attempts at the construction of a lattice chiral gauge theory using Ginsparg- 
Wilson fermions have failed because any projection operators which obey CV symmetry must have 



singularities in the Brillouin zone |24l.l28l) I. However, this argument was only constructed using the 
standard form of the Ginsparg- Wilson equation; and I will suggest that CT'-invariant chiral gauge 
theories are possible on the lattice with a different formulation of the Ginsparg- Wilson relation. 

In section[51 I describe the theory behind block renormalisation transformations, and, in section 
[31 I review the Ginsparg- Wilson relation and associated chiral symmetry. In section 21 I construct 
an (invalid) blocking which, were it valid, would allow Wilson fermions to be derived from the 
continuum operator. I use the results of this section to construct the overlap operator and standard 
overlap chiral symmetry in section [5l and, in section [6l I use a different blocking to generate 
a symmetric Ginsparg- Wilson equation, which I use, in section [71 to construct a possible CV- 
invariant lattice chiral gauge theory, and I discuss this theory further in section [51 I divulge some 
concluding remarks in section [9l There are appendices giving my notation and the proofs of a few 
results which are needed in the text. 



A preliminary outline of sections [^IH was presented in reference 33[ . 



2. Block renormalisation group transformations 

I define a Block renormalisation group transformation from a fermion field i/'o with Dirac 

operator Dq to a fermion field 'i/'i with a Dirac operator Di in terms of three functions B, B and 
a: 



,, . f — -iPtDiiPi-^F^ , , 

=N'(p) / dVirfV'ie ^ ^ (3) 

where N and N' are normalisation constants, and F is the field strength tensor. I stress that I am 
only blocking the fermion fields: the continuum gauge field is retained throughout this work. 
It is usual when considering renormalisation group blocking transformations of the type described 
in equation ([3]) to block from one manifold to another, so, for example, the fermion field '\\)\ could 
be on the lattice while i/jo on the continuum, or they could be spinor fields on lattices with two 
different lattice spacings. However, in this work, I take a different approach: -01 and "00 will be 
different representations of continuum spinor fields, with the action ^iDiipi only reducing to a 
lattice action in a particular limit, which will be taken at the end of the calculation; and even then, 
although the action will be identical to the lattice action, the spinor fields will (formally) remain 

continuum spinor fields. To preserve gauge covariance, B and B must be functions of the gauge 
field, while a must be independent of the gauge field so that the normalisation constant N(a) 
commutes with the (suppressed in equation ([3])) integration over the gauge field A^. Both B and 
a may contain a non-trivial Dirac structure. Because this is Euclidean space-time, there is no need 
for B and B to be conjugate, since ip and ^ are treated as independent variables; and in general 
I shall treat B and B as independent. This may cause difficulties when analytically continuing 
to Minkowski space-time, and it will be important to take appropriate limits before calculating 
physical results. Throughout this article, I shall use one flavour of massless fermions, but the 



possible solution to this problem, which uses a lattice redefinition of the Parity operator, a different approach 
to that presented here, was recently suggested in |29|| ; see also the attempts using the perfect action formalism in 
[30L l3lj | . An older overview of chiral gauge theories on the lattice can be found in [32j . 
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extension to multiple flavours is straightforward. For the moment, in this general discussion, I 

assume that B, B and a are all invertible, leaving the proof for specific examples to a later section. 
I shall only work in the continuum (although with a theory equivalent to that found on the lattice 

as my aim), thus B, B and a are all square rather than rectangular matricefl I will also assume 
that there are no complications when taking the infinite volume limit. It can easily be shown that 

— — K-F'^ -4>Aa-aB k 'Bajihi 

dipodtljQd'ipidilJie ""o e do+b=b 

g DQ+BaB DQ+BaB _ M\ 

I set a to be proportional to the miit matrix, and take the limit as a — > cxd, while assuming that 
B is just a function of the 7 matrices and the gauge fields. Shifting the variables 

ipo ^"00 ^ Batpi, 

Do + BaB 

i^Q ^"00 - V'laS ^^-r, (5) 

Do + BaB 



and using 



— aB ^ Ba = 

Do + BaB 



- aB^^Do^^Ba + 0{a-^) (6) 
Bai3 BaB 

allows the integration over the shifted V'o fields if the spectrum of Dq + BaB contains only 
eigenvalues whose real part is greater than zero. Once again, this condition will have to be tested 
for specific examples. The result of this integration is 

Zi= j ##e-^i^^«^'^ie~^'''eT'' (7) 



where I have defined 



This is satisfied if 



1 _ 

aB^ =B, 

BaB 

^^Ba =B. (8) 
Ba]3 



B=B-^, B=B \ (9) 



and I shall use this less general definition throughout this work, and shall describe B and B as the 

inverse of the blockings. However, it should be noted that there may be occasions when \/{BaB) 
is well defined while 1/B is not (for example, if the matrices B and B were rectangular), when it 
would be necessary to generalise and use the definition contained within equation ([8|) rather than 

equation ([9]). I will call Tr log(i?i?) the Jacobian of the blocking. 

The new fermion action is ■0i-Di'0i where Di = BDqB. It should be noted that B and B are 
not the only transformations that can be used to derive a Dirac operator Di. For example (and 



^The reader should bear in mind that these objects are not in reahty 'matrices' but linear operators of functions, 
even though I shall use the conceptionally easier language of matrices throughout this article. 
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these are not the only examples), given a suitable transformation, and any invertible operator Ai 
which commutes with Di and any invertible Aq which commutes with Dq, another possible set of 
blockings is given by 

B' =AoBA,, 

b' =A^^BA^\ (10) 

I shall use this degeneracy in section [6l 

Thus this is a valid renormalisation group transformation if the following conditions are satis- 
fied: 

1. Given a B and B there exist a B and B according to equation ([9]) (or the more general form 
in equation ([5])); 

2. B, B, B and B are all local (in the sense that B{x,y) < ^\^-y\ for some small a); 

3. D + BaB has no eigenvalues with negative or zero real part; 

4. The blocking is gauge-covariant; 

5. The Jacobian reduces to a constant, Yang-Mills term and (possibly) some irrelevant opera- 
tors. 

The final point is straightforward to prove, and holds for all possible exponentially local blockings. 
If \og{BB) is a function of only the gauge fields and the 7-matrices, then Tr \og{BB) must consist 
of a constant term and closed loops of the gauge fields, so that 

Tr \og(BB) = f d^x"^w{C[x])P L'^ fcM , (n) 

dx] 

where C[x] is a closed loop starting and ending at x, w{C) is a weight function (possibly a function 
of the 7— matrices), and P represents path ordering. If both and Di are 75— Hermitian, then 
there will be at least one possible choice of blockings where B^ ~ 75^75, namely B = ^^^d\^^ , 

1/2 1/2 ~~~ " 

B = DI' ' . Thus this particular BB is 75-IIermitian. From the cyclicity of the trace, the 
Jacobian must be the same for every possible blocking generated according to equation pO|) . This 

means that any anti-Hermitian component of BB (or any function of it) must be proportional 

to 7^1 and will be traceless. Therefore if I expand Tr log BB in terms of the gauge fields and 
7-matrices, only Hermitian terms can survive. The trace must be composed of closed loops of 
gauge links, which restricts it to terms constructed from the anti-Hermitian field strength tensor 
F. Therefore the Jacobian must be the sum of operators constructed from the field strength tensor 
and its derivatives: log(i3i?) — cq +ciaf^,yF^i, +c''2^ F^^^ + Ff^^F^^ + . . .. The constant term will 
not contribute to any physics, and can be neglected. The aF term is traceless. The FF term is 
forbidden if both x/^iDiipi and ^/jqDqV'o are invariant under CV (see appendix IC.2[) . Thus in such 
an expansion, the dominant term will be F^^^, with higher powers of F suppressed by a, the range 
of the locality of the blocking operators B (this follows from dimensional analysis, given that a is 
the only quantity with dimensions of length available). Hence, if B is sufficiently local that the 
higher order terms can be neglected, this Jacobian is proportional to the Yang-Mills gauge action 
and just entails a change in the coupling constant. 

Indeed, it has previously been shown that the 'natural' (though expensive) way of simula ting 



the Yang-Mills action on the lattice is through the trace of a function of the Dirac operator [34 . 

MM- 

Any blocking leading to a Dirac operator which has a different number of exact zero modes 
to the continuum operator fails these tests. This is true for any lattice fermion action except 
Ginsparg- Wilson operators (on sufficiently fine lattice spacing) in non-trivial topological sectors. 
Throughout this work I will assume without proof or discussion that the index of the lattice 
overlap operator matches the index of the continuum operator as long as the lattice spacing is 
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sufBciently Clearly, the conclusions of this work depend on the validity of this assumption. 

This can be shown by considering the zero modes, (j)o, of Dq = BDiB. If Dq4>q = 0, then (given 
that B ^ B^) either B(j)Q = or DiB(f>o = 0; but for Wilson fermions (as an example) Di has no 

exact zero modes; hence B must have a zero mode and thus also BB, which violates the condition 
that D + BaB has no eigenvalues with negative or zero real part. Similarly, if the Dirac operator 
Di has more exact zero modes than the continuum operator, the blocking from the lattice to the 
continuum will be invalid. Also any lattice Dirac operator with doublers will be forbidden for the 
same reason. 

One concern with this approach is that I am introducing Dirac operators without point-like 
locality in the continuum theory. In practice, the requirement that the old and new Dirac operators 
have the same number of zero modes, which only holds if the lattice spacing is sufficiently fine 
(and, of course, which lattice spacings are 'sufhciently fine' for a given configuration is somewhat 
unclear), places a natural bound on the locality of the action: the lattice spacing, and thus the 
rate of the exponential decay of the Dirac operator, will have to be significantly smaller than the 
smallest instanton in the systerr0. Since I am aiming for a lattice theory, it is inevitable that at 
some level I will have to violate the usual continuum point-like locality. 



3. The Ginsparg- Wilson symmetry 

This section is a review and generalisation of the work of Ginsparg and Wilson 2] and Martin 
Liische r [ISll . and almost all of the results presented here have been derived previously, for example 
30l 3l| and, most particularly, in 4^, 41 1. I differ from almost all previous authors considering 



renormalisation group blockings within the context of lattice QCD (with the exception of 4^, 4l[) 
because I do not assume, as they did, that the blocking matrices commute with 75, and because, 
whereas they blocked from a continuum theory to a lattice or a lattice to another lattice with a 
different lattice spacing, I will block from a continuum theory with one action to another continuum 
theory but with a different action. 

3.1. Mass regularisation 

Since I will later need to construct blockings containing terms such as (_Do)~^, it is necessary 
to regularise Z?Oj ^^nd I will do so by introducing an infinitesimal twisted mass Dq + 175??, 

where 77 is real. This shifts the zero mode eigenvalues of Dq to ±177 and the non-zero modes 
from ±iA (where A is real) to ±i-\/ -I- 77^, so the inverse Dirac operator is now well defined. 
Accordingly, the Fourier transform of the Green's function associated with the Dirac operator will 
contain terms of order l/r], but no worse. For example, in the free theory the eigenvectors of the 
Fourier transform of the inverse Dirac operator are ±l/-\/p^ + "rf ■ At the end of the argument, I 
shall take the limit 77 — s- if the limit exists. This regularisation obviously breaks 75-Hermiticity 
and CP-symmetry, but these are restored as 77 — > 0. It does, however, preserve chiral symmetry 
and the structure of the eigenvalues of the Dirac operator. The infinitesimal chiral symmetry 
transformation is modified to 

/ 

ip ^V' + t/'w 75 — 



Dq + iiri5 J ' 
irj 

Dq -I- i-q^a , 



+ It/;, (12) 



^This has been demonstrated for the finite volume torus (37ll and certain infinite volume settings [ssll . although 
in an infinite volume the issue is non-trivial and depends to an extent on the gauge field and choice of kernel, for 
example, see the discussion in |39| . 

*It follows, if instantons of infinitesimal size are possible but exceptionally improbable at a finite volume, that 
it is necessary to take the a — * limit before the V ^ 00 limit, because the resolution of the lattice Dirac operator 
depends on the lattice spacing. If they are possible and probable enough to be seen on a finite volume, then this 
procedure will not work if such small instantons are allowed. 
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where v is some small real number. As — > 0, this becomes an operator projecting the zero 
modes of the Dirac operator from "075. The mass regularisation commutes with D, so that the 
eigenvectors of the Dirac operator are affected only by mixing between the non-zero eigenvector 
pairs. This transformation is no longer ultra-local, but it will be exponentially local, since the 
Fourier transform of iri/[DQ + irjj^) is analytic, even in the limit that 77 — -> (Jj. I shall writ^ 



Ts =75 - 



IT] 



Do + ivi5 



(13) 



3.2. The Ginsparg- Wilson relation 
Taking the block transformation 

Zi = J dV'i#id?Ao#oe"'''"^^''+'''^'^'^''e-(^i-^o^)"('^i-^'''°), (14) 

suppose that the original action is invariant under the infinitesimal symmetry defined by equations 
p2p and (|13p . Neglecting terms of order v'^ and higher, and demanding that the new action is 
also invariant under the equivalent transformation, gives 

=iv [ rfV'i#i#o#oe"'^"^^°+"""^'''°e"('^i-'''«^)"('^i"-^'''o) 



Using the relations 

(:0jj;^_^^)Q,e-('?i-'/'o^)"('/'i--^'>o) ^ _^p-(?i-?o^)a(Vi-SVo) 



(15) 



(16) 



I obtain 



= 



90; 



4. d 

901 901 



901 



d0od0oe"('^i"'^o-^)"(^i"'^'^°^e"'''«(^°+*''^5)'^", (17) 



where the partial derivatives are understood to only act on the partition function. From equation 
pT)) and the definition of Di given in equation ([3]), I derive 



= / (i0i(i0i0i 



Dia^^B T5BD1 + DiBT^Ba-^Di - 



01 e 



B Tr^BDi - DiBT^B 
It is now trivial to construct the Ginsparg- Wilson relation: 

Dia-^~B TsBDi + DiBT^Ba-'^Di = B T^BDi + DiBTqB 



-■0iZ?i/ii 



(18) 



(19) 



^This operator is only local in Euclidean space, but it is non-local in Minkowski space-time because the branch cut 
in the Fourier transform is transferee! from the imaginary to the real axis for certain components of the momentum. 
This, of course, makes continuation to Minkowski space-time harder, and, as with the lattice theory in general, it 
is necessary to take the appropriate continuum limits before continuing to Minkowski space-time. 

®This shift in the generator of chiral symmetry is related to the (non-local) zero-mode shift symmetry of the 
Euclidean (massless) Lagrangian: 5/1 — » + a\ipo) {tpol^ and i/i — » + aipltpo) {^o\^ a transformation which is invalid 
in Minkowski space. To reconstruct the topological charge, it is necessary to 'undo' this eigenvalue shift by explicitly 
adding the zero mode contribution back into the fermion fields. I Note that, if 75 is expressed in terms of the basis 
of the eigenvectors of Do, which I will later need, then it is not traceless and, instead, Fs is traceless. 
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If [B, Fs] — and [B, T^] = this reduces to Ginsparg and Wilson's original result. However, this 
more general form (which is not original to this work, see, for example, 2^, 41 1) allows different 
expressions of chiral symmetry on the lattice, and is crucial for avoiding the various no go theorems 
concerning the construction of a CT'-invariant chiral gauge theory (see section [7]). 

3.3. Chiral symmetry 

Now suppose that the fermion action ipiDi'tpi is invariant under a 'chiral' rotation given by 

■^^^■^^e'-(S-DiR^'^), (20) 
In the infinitesimal limit, the action transforms as 

V^iDiV'i ^ V'l^iV'i + w^i (SDi - DiR T5D1 + DiS - Dir5RDi) i/'i- (21) 
The action will be invariant under this transformation if 

SDi- DJIT5D1+D1S - DiT^RDi^O. (22) 
This is the Ginsparg- Wilson relation, equation HH), with 

S =B T5B, 
S =Br5B, 
R=a-^B TsSrs, 

R^T^BT^Ba-K (23) 

Thus this fermion action, derived from the continuum action by the block transformations outlined 
in the previous section, satisfies a Ginsparg- Wilson chiral symmetry. This is a generalisation of 
Liischer's original lattice chiral symmetry, which assumed that [B, 75] = and consequently had 
S = S = J5. By considering the U(l) anomaly, I can easily derive a topological charge associated 
with this chiral symmetry, 

Q/ = ^Tr \^+S- Z?ii?75 - 75i?^i] ■ (24) 

With a = 00 and therefore R = the topological charge is 

Qf = ^Tr [S + S]^ ^Tr [B{T5)B + B T^t]. (25) 

From the cyclicity of the trace, assuming that B and B exist and are invertible, we have Qf — 
Tr (T^ + 75|^/'o)(V'o| jZl- It is easy to show that (irrespective of whether we take the limit r/ ojl 



Qf = Tr 

This is the weU-known Atiyah-Singer theorem .42] for QCD 



75 - „ , ■ ^75|V'o)(?Ao| 

Dq + 1?775 



— index(Z3o). 



4. Wilson fermions 

4.1. Introduction 

My intention is to block from a continuum fermion field to another continuum fermion field 
which will reduce to the lattice theory in a particular limit. A crude one-dimensional example of 
what I am trying to achieve is illustrated in figure [TJ 



'^As noted in an earlier footnote, the additional \ipo)(ipo\ is inserted using freedom provided by the zero mode 
symmetry of the Euclidean Lagrangian to allow continuation to Minkowski space. 
* Again, expressing 75 in the eigenvector basis of Dq. 
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-0.5 0.5 1 1.5 2 2.5 3 3.5 

x/a 



Figure 1: An illustration of the method used in this approach. The ratio of the blocked fermion field, ijix, to the 
original field, i/jq is plotted as a function of the a;-position in terms of lattice sites. 

The blocking will be a function of the 7-matrices and the gauge field A^, but will also depend on 
two parameters, the lattice spacing a and a second parameter C,~^ which controls the width of the 
peaks in the blocked fermion field around the lattice sites. As the width decreases to zero, which 
is controlled by the limit that C — s- cx), I recover a lattice action because only the fermion fields on 
the lattice sites contribute to the action. The blockings are constructed so that the integral over 
the various peaks in the fermion field remains finite even at small width, so that when C = 00 the 
new fermion field can be described using a sum over Dirac (5-functions, and a lattice action will 
be recovered. The integral over space time in the action will thus become a sum over lattice sites. 
Clearly, until this limit is taken, the new Dirac operator remains invertible and well defined in 
the continuum; in particular the number of degrees of freedom for the blocked field are the same 
as for the original field. This is where this approach differs from previous renormalisation group 
blockings, which generally change the number of degrees of freedom by using rectangular blocking 
matrices. But once the limit is taken, at the end of the calculation, we will have a lattice theory. 
The only difficulty is in finding a blocking which, firstly, generates a particular lattice fermion 
action and, secondly, remains valid in the lattice limit according to the rules laid down in section 
[2j In this section, I discuss a blocking which will generate the Wilson fermion action, and in the 
subsequent sections a blocking which will generate the overlap action. 
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4-2. The blocking 

Consider the blocking 



a{x,y) ^AS{x - y), 
Bw{y,x) =^c4g-cEJ-.-a«,|-Q0 (^a-lx. 




n 13,-1 ^ 

1 - r^707V(ye - ane) ^ 

V 9 / 



-W[£^ 



2" - 1^/3 - an,3 



1 I 



-WIS. 



[''""-I[£a„,j,], (26) 



where W and U are defined below; £3;, an represents a path between continuum positions x and 
an and the sum is over all possible continuous pathS C is a tunable parameter, where I define 
the 'lattice limit' as C ^ 00 (if such a limit exists); and r > 1 is another tunable parameter, which 
will be related to the coefficient of the Wilson term in the final action, is restricted to integer 
values. Throughout this work, I shall frequently suppress the lattice spacing by setting a = 1. I 
shall always use A = 00. Here I have defined the functions 



and 



N{x) 



X < 

e{x) = { 1 x>{) 
-2 ^ = 



<(!-£)! 
sign(2;) > (1 - e)f , 

isign(a;) = (1 - e)f 



(27) 



(28) 



where e is some tunable parameter in the range < e < 1- I will also define 



Js .. ../. 



and 



=P 



-ig Ai_,{s)ds^ 



log^, (29) 



(30) 



where P represents path-ordering, C/[£^ „] ~ U^[S,7i,x], represents a position in space-time, and 
the normalisation constant ^ is chosen so that 

^g-w[£] ^ g-W2(2:j^M-»Ml)/(E„n„^^(^M-"M)e((^^.-"M)'-(^.^-".)')), 



^The precise definition of "all possible continuous paths" is unimportant as long as, for each path contained 
within the sum, the path ordered integration over the gauge fields defined in equation (I30I I remains diffcrontiable, 
starts and terminates at the required locations, and contains the shortest path between the two points. It could, for 
example, either be defined to be the paths bound within the hypercube around x or not. It would also be possible 
to remove this sum and just consider the direct path; however the construction used here is more general and will 
also permit an easy modification to, for example, allow smeared links. 
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The precise form of W is unimportant, as long as it is an even function of x — n and the direct 
path between x and n and the path along the axes of the lattice dominate at large C. The presence 
of the path ordered gauge links within U ensures that this blocking, and any constructed from it 
(such as those in sections [5] onwards) , is gauge-covariant, satisfying the fourth condition required 
for a valid blocking. Note that N is anti-hermitian and thus B{x,y) = {B{y,x)y = 75^(2;, y)75, 
where the Hermitian conjugate acts on the spatial indices. 

In equation (|26p , the continuum Dirac operator Do will act on the position y while x relates to 
the space time coordinate of the spinor field ipi. The ^'*e~'''^~"' term insures that V'l is dominated 
by the lattice contributions. The 9 terms restrict the lattice fields to the hypercube centred on 
the lattice site, while 1 — r^gN{yg — ng) will generate the Wilson term in the final action. The 
terms depending on the gauge fields ensure that gauge covariance is satisfied. 

The inverse blockings are 



2 i'^7 '^7 



^1 - r ^ ^gN{yg - ng)^ 

J2 e-^[^^'."lC/[£,,,„]e-'^[^"-'lC/[£„,,,]OT„(y', y) 



1 



\yf3-np\ 



1 + r E leN{yg - ng)^ 



/3,7 



I2//3 - m 



J2 e-^[^«'."lC/[£,,,„]e-^[^".^'l[/[£„,.,]Da„(x', x). 



9^ is a normalisation constant constructed from gauge fields, 

m~\x',x) = E e-^[^^'-lC/[£.,„]e"^[^"-lt/t[£„,,]. 



(31) 



(32) 



In the lattice limit, ^~^{x,x') = 1. 

From this blocking, we can construct a new Dirac operator Di. First of all, I define Dq as the 
continuum operator 



-igj^ A„(s)ds„ 



Fiy) . 



(33) 



Then, 



DoBw{y,x) = -j^C*m2''~ 



U[^y,n]e 



-w\s.„ 



-C|a:j,-n^| 



13 £,n 



~ \y^ - ^'^Ij - '^mI ) sign(yM - n^){l+rjgNg) 



1 -e 



d^W\Zy,^\{\ + T^gNg)B - \yp - n^l^ 



- - \xji-n^\ ) , 



(34) 
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where I write Ng as a shorthand for N{yg — no). Prom this, I obtain 

Di-''{y)e-'^'^^^-M^y,n]e-'^^''"-M^n,.]Mx), (35) 

where 



^^n'+^,n(7^(l + + iVgV^) - 2r + 2riVe7^79)5 (^y^ - + 1^ ^ - n,| - ^ + 

^<5n'-M,n(-7^(l + + N^) - 2r - 2r^e7A.79)'5 - - ^ (^\y. ^ - ^ 
Sn,n'r{l - neNe - n^^N^)e (^\y^ - - (^S (^ij,, -n^- + 5 - + -y^^^ + 

<5„,„.a^W'[£^,„](7^ + 2n^-i0N0 + ^^N^ - 2r^Ne^eN^ - r^li,N^^)0 (^\y. - - ^ , (36) 

where sums over fi, ^ /.i and v ^ ^ are assumed. The first three terms are obtained from the 
differential of 0^ the fourth from the differential of N , and the last from the differential of W . N 
and are odd functions of y, so, if the gauge fields are sufficiently smooth, the contributions to 
D\Y from terms odd in TV or d^W will be suppressed by powers of the lattice spacing, and in the 
free theory they will not contribute. Neither will they contribute In the lattice limit: as ^ ^ oo 
only the shortest paths of gauge links will survive, and in particular 

^ e-^[^-I[/[£„,] e-^[^-I[/[£,„] = 

^ny ^yn 

for all y except along one of the axes of the lattice, where it will be 1. Since this is the only 
dependence on y within the integral except within Dyy, those terms in Dw which are odd in any 
component of y must cancel. This means that the for those terms in Dw proportional to 6n,n' the 
only dependence on j/ — n in the expression for tp^Diipi will come from Dw, and the integration 
over all the odd functions of (y — n) in Dw will give zero. I can define, 

f/» = I dvQ-|y.-n.|)<5Q-y, + n,) e-^t^-le"^!^-! 

(37) 



Since as C — > oo, e~'^ only survives for direct paths where y lies along one of the four Cartesian axes 
of the lattice, C/^(n) becomes the path ordered gauge transporter along the direct path between 
n and n + fi, which is the standard definition of the link in lattice gauge theory. Furthermore, the 
action will be dominated by the spinor fields at the lattice sites, so that we can write. 



V'l^iV'i =1 E + +(! + (! + 3eyh^)Ul{n)Mn)+ 

n 

V^i(n - A)(-2r -(! + (! + 3e)r')7^)f/^(n - A)^i(n) + (8r)V^(n)V(n), (38) 
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which, up to some normalisation factor and redefinition of terms, is the standard lattice Wilson 
action. 

We can take the Fourier transform of this continuum Wilson operator, which, in the free theory, 
gives 

J d'^x J 

^Y[( 2CPm sin(P;./2) + 2e cosfa./2) 

^(^7.(1 + + 3er2)(sin(p,)) + 2r(l - cos(p,))). (39) 

V 

As C — > cxD this becomes, again up to a normalisation factor and redefinition of variables, the 
familiar expression for Wilson fermions. 

Of course, this blocking transformation, although it generates the Wilson fermion action, is 
not valid in the lattice limit. This can be seen by considering the Fourier transform of By^ ^\v^ 
which, in the free field approximation, gives 

n {-TT^ + eC/2 ^^^""(^^/f ^ + 2cos(p,/2) f _ ^ ^^^^ 

This is not analytic in the limit that Q — > oo, hence, using the Paley- Wiener theorem [i^. By/ 
is not local (at least in the free case, which strongly suggests that it will also not be local in the 
interacting theory), which means that this blocking fails the conditions outlined in section [21 It 
seems intuitively obvious that a similar picture will hold for any operator which restricts the spinor 
fields to the lattice sites: the inverse blocking for any lattice Dirac operator which projects off- 
lattice site elements to zero must be infinite for any position that is not on a lattice site, and from 
this one would suppose that the Fourier transform of the inverse operator would be non-analytic. 
However, this is not always the case. 



5. Overlap fermions 

In this and the following sections I shall use, in addition to the standard 7-matrix representa- 
tion, an additional, somewhat perverse, representation of the 7- matrices, which I shall label 5^: a 
function of the Dirac operators. The relationship between these two 7-matrix representations is 
given in appendixlB] together with an outline of why I need to use it. Here I just note that = 75 
is diagonal, that 5^ satisfies the same anti-commutation relationships as 7^, and transforms in the 
same way under CV ^ and relegate all other details to the appendix. 
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5.1. Introduction 

In this section, I will use a modified form of the Wilson blocking of the previous section: 

-m7,.(l+'-^+3cr^)(y^-nj,)/(l+2r^e) 



Bwiy.x) =^cV';sj-.-".|-Q0 ("1 



|y/3 - '^z? 



1 + r^7eiV(ye - ng)^ 



^1 - r ^ -1eN{yg - ng)^ e 



/3,7 

™7n(l+'-^+3er^)(aj,-nj,)/(l+2r^c) 



^ e-^[^-"lC/[£,„]e-^[^"-lC/[£„,,]. (41) 

The additional term g^-™.i^{i+r^+itr^){yi,-n^,)/{i+2r'^t) ^^^^ ^j^g efi'ect of introducing a negative mass 
of magnitude m; the value of this mass is constrained between the critical Wilson mass and 2 to 
ensure that there are no doublers in the overlap action. To avoid complications arising from the 
non-analyticity of the inverse of the Dirac operator, I use the ir^^^ mass regularisation discussed 
in section [STTl for both Dirac operators, the original and the new D2. Additionally, I shall 
introduce the blocking operator 

Bc{y.x) - f J - - ^ {\ - Ee-^[^-l[/[£,„] 



2 

It is easy to demonstrate that DiBc = 0{e^^'^) and that 

= Be (^j d^xe Q - - np\^ e-^[^"==lC/[i2„,]e-^[^-"lC/[£,„]) + 0{e-^'^), (43) 

where [3 and (3' are positive and real. Be will be used to ensure that the final action is dominated 
by the fermion fields on the lattice sites. I will use a blocking constructed from 75, Bw^Bw, Be 
and Dq as follows: 

B =C^7^^ Z{1 + ^7775 + 75^^(75(^1 - Be))) 

Di =BwDoBw, (44) 
where -F is an arbitrary real function and I is the lattice identity operator given by. 

n ^ / \ 

This blocking will generate a Dirac operator D2 — 1 + 75-^(75 (-Di — Be)) + Urij^. Z is a unitary 
operator, and initially I shall work in the trivial topological sector where it is possible to set Z — 1. 
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In non-trivial topological sectors, it is necessary to use a different form of Z for reasons which 
shall be discussed later. To ensure that D2 transforms correctly under CT', each term within its 
expansion in the lattice spacing must contain an even number of 75S, which means that F must 
be an odd fimction of 75(1)1 — Be) (see appendix I C.ip . 

Although I shall proceed as far as possible using a general -F, my ultimate aim is to demonstrate 
that the blocking is valid for the overlap operator, where F(x) = sign ix). Therefore I shall consider 
this case when it is necessary to move from the general argument to a specific example. 

To demonstrate that this is a valid blocking, I need to show that 

1. B and B exist, i.e. are not zero or infinite; 

2. B and B are local. 

3. BB has a positive real part; 

5.2. Existence of B and B 

For the blocking and inverse blocking to exist, two conditions must be satisfied: firstly, F{x) 
must remain finite for all x (which has to be tested for specific examples), and secondly the 
blocking and inverse blockings must not have any zero modes. This second condition follows from 
the positivity of the blockings, which is discussed in section [STSl As discussed in section [2l this 
only holds if Index(Z?o) = Index(Z)2) and D2 has no doublers, which includes overlap fermions 
under certain conditions. 



5. 3. Locality of B 

To demonstrate the locality of the blocking, I calculate the Fourier transform. By the Paley- 
Wiener theorem [i^, if the Fourier transform is analytic along the real axis, then the blocking is 
local. I proceed by expanding the function F in terms of a polynomial of the Hermitian Wilson 
operator, which will be valid (in the case of overlap fermions) as long as 75 (-Di — Be) has no 
eigenvalues which are exactly zero. 

B = C'tt^ f 1 + V Cmil^BwD^Bw)"' + 75 V c™(-75Bc)'" + 0{e-'^^)\ . 

(46) 

The Fourier transform, Ft {^t}, of the product of Wilson operators is 

rn / p \ m—1 / \ n— 1 

Ft{Bt} - n / ^'^0 n '^'y^E e"*'"' n (^H^x.,y..«.^oSvyy„„,..,+J e*^^-. (47) 

1=0 ^ ^ 1=0 \ nii / i=0 

Bw has been designed so that it can be factorised into Bw{x,y) = '^^By{n.,y)Bx(x,n), and 
similarly for Bw- Then just three integrals are needed to calculate the Fourier transform: 

e„(p) = / d^xe'^^^-^^B^ix^n) 
d*xBx{x, n)Bx{n, x) 
dn{p) = J d^ye~'P^"By{n\y)DoBy{y,n)e'P". (48) 

In the free theory, these functions are given by 

e„ ( + c-C/2 2ppC(sin(p^/2)) - 2^ cos{pj2) \ 

x„=(l-e"«)4C' (50) 
dn^Yl [*7pSin(p^)(l + r2+3er2) + 2r(l-cos(p^/2))] - m(l + + Ser^). (51) 



15 



The Fourier transform of the polynomial series in the Wilson operator is 

Ft {Bt} = J^K.x™)'"^. (52) 

n 

The Fourier transform of the lattice identity operator is Y\^{2sm{p^/2)/p^)^ and the momentum 
representation of Be is 



Ft {Be} = J2 



n 



2sin(p^/2)\ 1 



'4 Gncjj 



(53) 



If dnXn remains within the radiance of convergence for the polynomial, the momentum represen- 
tation of the blocking will be 



Ft {B} = Ft (77^—) ( e„et (1 + + ^ ^J,F{^5Xndn)] 



+ 0(e-"^). (54) 



At small p, 1 + 75^(75 Xfidfi^ can be expanded 

1 + 75F{-j5X„dn) = 1 + 75C0 + Xnip)dn{p)ci + C2Xn{p)dn{p)l5Xndn{p) + • • ■ , (55) 

where Xn{p)dn{p) = Ft {Dq} {p) — m + 0{Ft {Dq} (p)^). If Ft {B} is to be analytic, the series 
expansion of I-I-75F must become Ft {-Dq} {p) + 0{Ft {-Do} [pY) close to the zeros of Ft {-Do} {p)- 
If F is chosen so that at small p, Ft {D2} (p) = Ft {-Dq} (p) + 0{p^), which in the free theory 
corresponds to -F(75a;„d„) ~ 75(— 1 + Jtj,Pfj, + 0{p'^)), then Ft {B} will remain analytic and so B 
will be local. In the language of lattice gauge theory, this is equivalent to saying that the Dirac 
operator D2 must have the correct continuum limit, which, as is well-known, overlap fermions do. 

5.4- Locality of B 

The inverse blocking is defined aJ^ 

B={l + iIj5r] + -f5Fi-f5Di--f5Bc))-'Z^Do+njj5). (56) 

Once again, the Fourier transform can be calculated by expanding this in a polynomial series 
in 75l?i — 75-Bc- It is necessary to treat the two cases \ij5rj + 75FI > 1 and \ij5r] + 75FI < 1 
separately. For the second case, I expand in a geometric series: 

B{Do + iV75r' - 

(1 - iIr/75 - 75i^(75-Di - 75-Bc) + {l5F{j5Di - i^Bc) + i^l^f -■•■)• (57) 



^'^So that I can easily perform the integrals, I define the inverse function 1/(1 + 75^'(75£'i)) in terms of a 
polynomial expansion in Di, but not , since the latter is not required for the purposes of this work. B(x',y) is 
defined so that / d'^yB(x' ,y)B{y, x) = C,^ Yin e~^l^~''le~'"l'^'~"l ; the limit of this function as C — > 00 is S{x — x'). 
It should be observed that this formulation of _B, because of the limitations of the polynomial series, is only strictly 
the inverse in the lattice limit; outside the lattice limit this 'B' will be the inverse of B plus an additional term which 
cannot contribute as — > 00 and thus cannot cause any non-analyticity in the Fourier transform. When expanding 
B and B in polynomial series, each integral over B^Bx will give a factor of C~^i giving a total of ^ 
where m and m' are the powers of the terms in the expansion under consideration. There are 2(m -|- m') factors 
of Q'^ in the definition of Di, of which half are absorbed into the function F (for example, when considering the 
Fourier transform, Xn was proportional to ij^). With a factor of required for the (5-function (so that the integral 
over the (5-function is one), by counting powers of C,, I am left needing to insert one factor of into either B or B, 
and I chose to insert it into B. Thus the definition of B as defined in equation 15611 does not need to be multiplied 

by C-^. 
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Using the same technique as in the previous section, the Fourier transform of the blocking is 
'2sin(p^/2) 



2sin(p^/2) 



{1 + A + + 



{Do + iri-f5) + 0{e 



(58) 



where 



A: 



E 



— \x — n 



— \x — n 



-W[S.„ 



(59) 



Assuming that the geometric series converges (whether this is true depends on the precise form of 
F, however, \A\ < 1 so the geometric series in A wiU always converge), this gives. 



Fn 



[iXnTl^b + l5F{-f5Xndn)) 



n 



2sin(p^/2) 
{Ft {Do} - 

and it is clear that in the limit ( oo, A ~i 



n 



1 + ia;„7775 + j5F{j5X„dn) 
2sin(pp/2 



{l-AY 



(60) 



iTllh) + 0{e-^), 

1, Ft oo and thus B is not local. 

However, if + 17775! > 1, one must use an alternative series expansion. By writing G{Di) = 
(il7775 + 75-F(75-Di))~^, I express the inverse blocking as 

B-i =(1 -Bc + ^I?775 + 75^^(75^1) + 0{e-^))-\Do + i^lb) 
=G((1 - Bc)G + l)-\Do + iTilb) + 0(e-«), 
1 



Fn 



G{xndn) + 1 



{FT{Do} + iiii5) + 0{e-^), 



=e„e|,(l + i?775 + izFi^i^Xudn)) ^{Ft {Do} + ir]!^) + 0(6^'^). 



(61) 



I have assumed that G, like F, can be constructed from Di and the 7-matrices. The argument can 
easily be extended if G is a function of Di and D^^ , but only if the Fourier transform of (1 — Bc)G 
is less than one despite the infinities coming from the Fourier transform of D^^ . However, this 
assumption holds for the case which I am most interested in, where F is the matrix sign function: 
{irj + sign(75_Di))^^ — {—if] + sign(75_Di))/(l + 77^). It is clear that, again as long as D2 has the 

correct behaviour at small p, Ft is analytic and thus B is local for this particular range 
of values of F. Therefore, for this to be a valid renormalisation group transformation requires 
1*^75 + 'y5F{'y5Xn{p)dn{p))\ > IVp for the non-zero modeJ"! in the limit that 77 ^ 0. This means, 
in particular, that F cannot cross zero at any point. However, I have already stated that F must 
be an odd function. Therefore, F{x) must be discontinuous at a; = 0. 

Now I consider the specific case that F{x) = sign (x). Using the formulation of appendix 
IB| where the Dirac operator is written in the basis of the eigenvector pairs, 1 can write, for the 
non-zero eigenvectors. 



i7?75 + 75-F'(75-Di) 



A2 
2 



l + «75 ?/ + 52A\/l 



(62) 



^'^For conciseness, I use a potentially confusing shorthand: by non-zero modes of D2 I mean all eigenvec- 
tors/eigenvalues of D2 excluding the zero modes and their partners at eigenvalue 2. 
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The eigenvalues of this matrix are 



M= Y-l±y^^ + A'(l- (63) 

which gives = 1 + , which is greater than one. For the zero modes and their partners at 
eigenvalue 2, I obtaiiF^ 

«?775 + IbFi^i^Di) = -75 + 17775, (64) 

which gives eigenvalues = 1 + rj^ > 1. Therefore all the eigenvalues of 17775 + 75-F'(75£'i) are 
larger than 1 and the inverse blocking is local. 

5. 5. Positivity of BB 

The eigenvalue spectrum of I3B is identical to the eigenvalue spectrum of B' — {D2 + 

irij^)~^/^Z^ {Dq + irij^)Z{D2 + i'775)~^^^- Thus proving that BB is positive is equivalent to 
proving that B' is positive. If B' is positive, then 



for every possible non-zero ip. I define 



and write 



i;^x)iB')[x,x']i:{x') > 
7/;„ = y d^'x^ Q - |x - 7i| j ?/;(x), 
<^t = d'^x'ipn{x)Bx{x,n). 



(65) 
(66) 

(67) 



The calculation of equation (|65p proceeds in precisely the same way as for the Fourier transforms 

of B and B: in fact, baring the replacement of e„(p) with ef^ the integrals are precisely those 
needed for the Fourier transforms, but at p = 0. Thus 

7^t(.)(B')[., x'wx') ^ E ,„(^,|;::X^o))t ^- ^^'^ - «)• 

Since, as already established, D2 has the correct continuum limit. Ft {B'} {p — 0) ^ 1 (any 
difference from 1 will be due to a fermion renormalisation constant, which will be positive). 
Furthermore, [ejj(e5f)'f] > and [e„(e„)'''] > unless either ef = 0, which is impossible for every 
n for non-zero ip unless D2 contains a zero mode with no equivalent in Do (if J^ni^ni^tY] = 0^"- 
then ij)'^ D21I] = 0, so this condition would mean that there was an additional zero mode of D2 
generated by the lattice artefacts). 

The proof that BB is positive proceeds in the same way. This completes the proof that this is 
a valid renormalisation group transformation as long as the lattice spacing is sufficiently fine that 
the indexes of Do and D2 are equal. 



^■^Here and in subsequent sections I assume that the zero modes, have a positive chirality, i.e. 75|i/'o) = \tl)o)\ 

the case when they have negative chirality can easily be considered using the same method and will give the same 
result. 
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5.6. The Ginsparg- Wilson symmetry 

Following the notation of appendix [B] I decompose the continuum Dirac operator into eigen- 
vector pairs and zero modes, and, in the basis of one of the eigenvector pairs, it can be written 
as 

Do + iillb = [7552A + 17/75] ■ (69) 

D2 is defined as 

D2 = l + ir]l5 + 75sign {jr,{Di - Be)). (70) 
The non-zero pairs of D2 can be decomposed according to equations ([62)1 and ((64|) . 



D2 + i'775 



2 7552 A^l- ^ 



A2 



»f?75- 



For the zero modes and their partners at eigenvalue 2, I can write 

-D2 = 1 4- 75 + ^75??- 



(71) 



(72) 



From equation (|23p . the terms entering the Ginsparg- Wilson equation were given as = BT5B 
and S = BT^B. In a trivial topological sector, 

S ={D2 + i75V)^^{Do + irii5)l5{Do + ivi5)~^{D2 + hbV) 

= - {D2 + «75'7)"^75(£'2 + ilsv) + 0{rj) 

=75(1- ^2) + 0(^), 
5=75, (73) 

where the first equality follows from {1)0,75} = 0, and the second follows from equation ((7T|) . 
These blockings, of course, lead to the familiar form of the Ginsparg- Wilson equation. 



5. 7. Non-trivial Topology 

In the presence of zero modes, the above analysis breaks down because unless the zero modes 
of Do map precisely to the zero modes of D2, the blocking matrix will contain a singularity. If 
|0o) is a zero mode of Dq and not a zero mode of D2 (which will be the case unless the lattice 
spacing is zero) then clearly ((/)o|(^o + *^75)~^(^2 + ivis) is proportional to 1/r]. Therefore, it 
is necessary to introduce an additional term, the Z of equation (|44p . to make \4>o) finite, either 
by mapping the zero modes of Dq to the zero modes of D2, by multiplying the zero modes by r/ 
or some combination of the two. This Z clearly has to be local, and leave the properties of the 
blocking described in the previous sections unaffected. 

I define the non-zero eigenvalue pairs of Do as (!'/'+) =t and the eigenvectors of D2 

as ^ i IV'-)): IV'o) and |i/'2), where the last two vectors refer to the zero mode and its 

partner. These vectors are defined so that 75|V'±) = i|V'±)- I have assumed for simplicity in this 
notation that the topological index is one, although the argument can be extended for all possible 
topological indices. 

The purpose of the unitary operator Z is to render ((/)o|(£'o+*?775)~^-^(-D2+«'775) and {ipo\{D2 + 
47775)" ^Z^' (Do + 77775) finite as 77 ^ 0. The simplest construction which achieves this is 

Z = |0o)(7Ao| +52|0o)(7/^2| + \cl^^)u%{i^i\ + mu'lii^U, (74) 

where u± is some pair of unitary matrices. This maps the zero modes of Do onto the zero modes 
of D2, thus ensuring that the blocking is valid. However, it is not clear that this example is local. 
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and I have been unable to prove (or disprove) its locality. Instead, I shall use the construction 



^3 =^ [sign(75£'o - "/)sign(75£'3 - ir\) + s\%^{-i^DQ + i77)sign(75D3 + 



|0;)(0;|^O>(V^O| - ^W-)m^2)k^2l (75) 

where -D3 = I?2 ^"^^ I have assumed that 75|'!/'o) = |'0o)- is again an infinitesimal parameter, 
and I have neglected terms of 0(77^). A similar expression can be easily constructed for the opposite 
chiral sector, and it will give the same final results. I define the matrix sign function of the non- 
Hermitian operator as sign(A) = A/V A. The matrix sign function is known to be exponentially 
local for A ^ 0, and 

^3^3 = ^ [2 + sign(75Do + z77)sign(75D3 + i77)sign(75D3 - j77)sign(75i:)o - 

sign(75£)o - i77)sign(75£)3 - i77)sign(75i:)3 + i77)sign(75Do + , (76) 



which is manifestly greater than zero, which means that Z^^/ y z\Zy, is analytic. Therefore this 
Z is local. It is tedious but trivial to demonstrate using the locality of Z and the technology of 
the previous section that the conditions required for a valid blocking hold. Note that [75, Z3] — 
[75, Z] = 0. This is, of course, not the only possible Z which can be used to generate overlap 
fermions, nor is it likely to be the best. It is simply offered as an illustration that functions with 
the desired properties exist. 

The continuum chiral symmetry is given by equation (I12p . Therefore the operators required 
for the Ginsparg- Wilson equation are 

^ =Zt75(l - |0o>(0o|)^ = 75(1 - |V'o)(^o|) + 0(77) 
S =D^^Z^Doi^{l - \c^o){M)D^^ZD2 

-75(1 - D2){1 - \i^Q){M - mm) - 75|^2)(V'2| + 0{in). (77) 

These operators will be local, despite their apparent dependence on the eigenvectors of D2 , because 
the blockings are local. Therefore the Ginsparg- Wilson equation reads 

= 75(1 - m{M)D2 + D2J5 [(1 - ^2)(1 - |V'o)(V'o| - miH) " m{ip2\] ■ (78) 

This is equivalent to the standard form of the Ginsparg- Wilson relation, although this construction 
leads to slightly non-standard projection operators. However the chiral symmetry transformation 
operators are different, and explicitly depend on the zero modes and their partner. The associated 
Ginsparg- Wilson chiral symmetry is given by 

5.8. Summary 

The main conclusion of this work so far is that overlap fermions satisfy the Ginsparg- Wilson 
relation. This can, of course, also be established by simpler methods. 

I have demonstrated that equation (|44p describes a valid renormalisation group blocking for the 
case when F{x) = sign (x). I have also constructed the Ginsparg- Wilson equation associated with 
this blocking, and written down the corresponding symmetry and topological charge. The Dirac 
operator generated by this blocking is, in the limits that C ^ and 77 ^ 0, the familiar form of the 
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massless overlap operator. This can be seen by noting that sign (75(-Di — Be)) — sign (75-Di) — 
IbBc + 0{e~^)^ and 1 — Be and sign (75151) are exponentiaUy suppressed away from the lattice 
sites. Since, in this limit, the Dirac operator is proportional to 5{x — na)6(jj — nb), the continuum 
action / d'^xd'^y%lj2{x)D2{x,y)%lj2{y) reduces to the lattice action, X^n n' ''p2i''T')^2{n,n')ip2{n). 

As ^ ^ 00 this operator, D2, is the lattice overlap operator. It is zero everywhere except at 
the lattice sites, and it has precisely the same form when connecting fermion fields on lattice sites 
as Neuberger's original operator. Thus D2^ is ill defined away from the lattice sites in the ^ ^ 00 
limit. However, the Fourier transform of D2^ remains analytic, except for the usual pole at p = 0. 
This apparently paradoxical conclusion depends on two properties of the (twisted mass regulated) 
matrix sign function: firstly that its inverse can be constructed from the Wilson operator without 
any contribution from the inverse Wilson operator, and secondly that its eigenvalues are always 
greater than one. This means that the Taylor series expansion which is needed for the evaluation 
of the Fourier transform is in ((1 — _Bc')sign (75-Di) rather than sign ("f^Di) — Be, where Bq, 
which becomes —1 off the lattice sites, is the term which gives the non-lattice site positions their 
value of zero. Because the series expansion is now Bcsign (75-Di) rather than Be or BcF{D^) 
it converges rather than diverges at Be ~ 1, allowing the Fourier transform to remain finite. 



6. The symmetric blocking 

I noted earlier that for each Dirac operator there are an infinite number of blockings which 
could be used to generate that operator. Each of these blockings will lead to a different G insparg - 



Wilson relation for the same Dirac operator, and thus, as noted recently by Mandula 
there is actually an infinite group of lattice chiral symmetries; each with its own bare current 
(although from this work it is clear that, since the Ginsparg- Wilson relations are related by var- 
ious renormalisation group transformations, the renormalised currents in a fixed renormalisation 
scheme must be identical). This degeneracy follows naturally from from the renormalisation group 
construction of the symmetry (see equation llOp . and it is not just present in lattice gauge theories, 
but also continuum theories as soon as I go beyond an ultra-local (i.e. point-like in the continuum) 
action. Thus this degeneracy must be present in any lattice gauge theory linked to the continuum 
via a renormalisation group blocking. 

The degeneracy, of course, arises because I have treated ■0 and ■0 as independent variables, 
which is permitted in Euclidean, but not in Minkowski space-time. When constructing a chiral 
gauge theory, it is advantageous if the two Ginsparg- Wilson functions, S and 5, are in some respect 
symmetric, so that, under CV, S transforms into an operator proportional to S and vice versa. 
I will now therefore consider the case of a symmetric blocking as a step towards constructing a 
chiral gauge theory. 

In the trivial topological sector, the situation is reasonably straightforward. Consider the 
following blocking: 

B =D^^''^ZD}I'^ , 

B =dI^^ D^^^^ , (80) 

where again, for this initial stage of the calculation, I shall use Z ^ 1 before generalising. Proof 
that this blocking is valid proceeds using the same methods of section[S] To construct the Ginsparg- 
Wilson equation and the chiral symmetry, I use the matrix decomposition of appendix [BJ In my 
7-matrix representation, I can write 

1/2 J_ ( 1 -1 
° I 1 1 



^1/2 _ f V/I + A2/2 y /l - A2/2 , 
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The Ginsparg- Wilson relation for this blocking can be derived from equations and ([5T|) . 
In particular, if there are no zero modes, 

.92 =Z^D-'/^j5Dl^'Z, (82) 

it 




S ^D., ^Z^D^roD„ ^ZDi = -32 I D2 ^ I . (83) 

it , 



In matrix notation. 



-52 -02 



4 2 



d\d2 \-i 



The Ginsparg- Wilson relation is 

0= \D2^^=\ 9202 - 0292 \D2^^=\ . (85) 

4^2/ V \/4^2, 

I note that in the limit of vanishing lattice spacing (where a\ ^ 0) , both S and S reduce to 75 , 
and the Ginsparg- Wilson relation reduces to the standard continuum chiral symmetry. 

Once again, working in a non-trivial topological sector means re-introducing the Z operator of 
section [5l equation ((75|) . This modifies equation ((83|) to 

5=(l-|Vo)(V'o|-|V'2)(V'2|) I D2 ^ I 92- \r^\i^0){^2\- \[^\^2){M. 

5 = - 32 I D2 ^ ) (1 - |V^o)(^o| - miH) + ^/^|^o)(^2| + \/5lV'2)(^o|. (86) 

DID2J ^ ^ ^ 

This formulation, though it follows from the renormalisation group derivation, is not obviously 
local, since it depends on the zero modes and their partners which are, in general, non-local. The 
relationship between this operator and 75 is also unclear. To make the relationship between these 
renormalisation group operators and 75 clearer, it is possible to re- write equation (|83p . which in 
this construction only applies for the non-zero modes, in the form 



dID2 , 1 , ,^ 1 



S=irAl-^-^ + -l5{D2-Dl) 



1 _ ^2^2 



S^Jl- ^^^^ ' ' 



lj,{D2-Dl)- ^ ^ , (87) 



4 4-^ . DlD, 



and then extend this definition to the non-trivial topological sectorj^ It is manifest that these 



4 

T3| 



^^I hypothesise that there exists some Z which maps S and S to these forms, but I have not yet found an exphcit 
form for it. For this reason I also present the more cumbersome, but known to be vahd, form of equation II86I I. 



22 



operators are Hermitian; furthermore it can be shown using the standard form of the Ginsparg- 
Wilson relation that 5^ = S" =1. There is a question over the locality of these operators. If the 
term inside the square roots is positive, then, following an argument similar to the square root 
in the definition of overlap fermions, we can expect the operators to be local. The eigenvalues of 
D^D are constrained between and 4^ . The only difficulty is for the partners of the zero modes, 

where both D2 - dI and ^Jl- dId/4 are zero. We know that 75(I?2 - dI)/\Ji - DID2/4 is well 

defined for the eigenvalues of d\D2 at 4 because S'^ — 1, however this does not demonstrate that 
this operator, which is constructed from the matrix sign function of a shifted overlap operator, is 
local. However, given that numerical results have shown that the overlap operator is local even 
when one of its kernel eigenvalues is zero, I can expect that a similar result will hold for this 
operator. This is an issue which must be investigated further. 
The Ginsparg- Wilson relation is given by 

SD2 + D2S = 0, 

and again a short calculation shows that any Dirac operator obeying the standard Ginsparg- Wilson 
relation also obeys this equation. 

The chiral symmetry transformations are 

il) ^e^'^^V- (89) 
In appendix IC.5I I demonstrate that these blockings transforms under CV according to 

CV[S] = - w-^s^w, 

CV[S] = - W-^S^W. (90) 

In the continuum, of course, S" = 5 = 75, and the same transformation properties hold. This 
suggests that it might be possible to construct a chiral gauge theory from these blockings, and 
this is the topic of the following sections. 

Leaving the considerations concerning the zero-modes aside, because B and B are local and 
invertible, S and S are local and invertible, and thus the projection operators in the chiral gauge 
theory will be local. 

7. Chiral gauge theory 

Previous discussions of lattice chiral gauge theory and renormalisation group blockings can be 
found in 3^, 31 1. 

In the continuum, the chiral gauge theory Lagrangian i j^ 

Co = i^o(l + 75)^0(1 - 75)^0 + ^^0(1 - 75)i^o(l + 75)V'o. (91) 

Once again, I can apply the renormalisation group blocking, ipo ~ B'ip2 and tpo ~ "02^1 to obtain 
the new Lagrangian 

£2 - i?2(l +^75^)^2(1 - B75B)^2 + ^?2(1 - ^75^)i^2(l + B-f5B)i^2- (92) 



''There is a question concerning the mass regularisation, which increases the eigenvalues of D2D2 by rp . However, 
equation 1871 was expUcitly calculated at 7y = 0. The equivalent expression for finite r) contains the square root of 

1 - ^1"'' . Therefore the mass regularisation does not affect the discussion on locality one way or the other. 
^^The notation used in this section is described in appendix IC] 
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One can therefore write lattice projectors 

P±=i(l±^). (93) 

It is a well-known problem that with the standard formulation of the Ginsparg- Wilson chiral 
symmetry (discussed in section [5]), the chiral formulation of the action violates CV symmetry psl 
l24i . ^5]. With the standard projector operators for the overlap operator, it is clear why this is the 
case. The chiral Lagrangian is 

C- ^JjT+D2P-^k. (94) 
Using the traditional form of the Ginsparg- Wilson symmetry, the projectors are 

P± =i(l±75) 

P±=i(l±75(l-i^2)), (95) 
which means that the transformation of the Lagrangian under CV is 

CV{C- ) = Jjj5P+l5D2P-i', (96) 

and it immediately follows that this action is not invariant under CV because of the anti-symmetry 
between P and P. It has been shown that, with the canonical form of the Ginsparg- Wilson 
equation, a chiral gauge theory satisfying CV cannot be constructed Modifying the Projectors 
so that they are symmetric, P± = P± — (1 ±75(1 — D/2))/2 fails because |75(1 — D/2)\ ^ 1, and 
indeed can be zero, which leads to a non-locality. However, I do not use the canonical Ginsparg- 
Wilson equation, but the modified form of equation (f88|) . and this allows me to avoid the cited 
no-go theorem for chiral gauge theories. 

If the Ginsparg- Wilson equation derived in the previous section is used (equation (|87p). different 
projectors will result, and the chiral projectors can be constructed easily according to equation 
([93|) . From the matrix representation of equation ([84|) . it is clear that (S')^ = 1, (S*)^ = 1, 
= S, {Sy — S and {S)^ = S, and this can also be proved directly using the Ginsparg- Wilson 
relation. Thus suitable projectors can be formed from these operators. I use the projectors 



P± =- I 1 ± I 75\/ 1 - + -75(^2 - dI' 



2 1 I '^V 4 4 ' DlD, 




The chiral Lagrangian can be written as 

'^Dip = i^P+DP^tlj + '4^P^DP+ip (98) 

and the equality can be demonstrated using the Ginsparg- Wilson relation. From equation (|90p . 

CV[P+] = W^^P_W and CV[P-] = W^^P^W, so each term in this Lagrangian transforms 
correctly under CV. Therefore, this is, potentially, a suitable chiral gauge theory Lagrangian. 

8. The non-Abelian gauge anomaly 

In this section, which is intended as no more than a preliminary exploration of the topic, I 
shall only consider the topological trivial sector, leaving other sectors for subsequent work. I shall 
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also now switch to the lattice theory so that the measure can be well defined non-perturbatively. 
In 4j| , Martin Liischer discussed Weyl fermions on the lattice and the non- Abelian gauge anomaly. 
The issue is that the new Weyl fermion fields given by — P^i/j, "if = tp will, in general, have 
a measure which depends on the gauge field because the projectors depend on the gauge field. 
Thus after a gauge transformation (for example), the measure is not obviously invariant, which 
may give rise to an anomaly, which would have to be canceled in the variation in the fermion 
determinant. 

We can select basis vectors Vi and Vj such that 

v,, ^P-Vi, Vj =P+Vj, (99) 

{vi,Vj)^Stj {vi,Vj)=5.,j (100) 

The fermion fields ^' and can then be written as 

^CiVi ^CjVj (101) 

for some coefficients c and c. The measure will then be dc dc. If we pass to a different basis, 



Vi 



v[ — VjQ-^ (with a similar change in basis for v), the measure will change by 



Sq1L.u = In dot [0] - lndet[Q], (102) 

with L„ defined below in equation (|109p . and, since Q and Q are unitary, this will be a pure phase. 
The expectation value of an observable O can be given as 

(0) = | j D[U]e-^^{0)f. (103) 

In a trivial topological sector, the fermionic expectation value is 

{0)f = J d-^d^Oe-'^f, (104) 

where Sg is the gauge action and Sf the fermionic action. For example, the fermionic propagator 
is given by 

m^)^iy))f = WfP-S{x, y)P+, (105) 

where S is the Green's function associated with the Dirac operator D, and 

(l)/=detM, Mkj=VkDvj. (106) 

If we consider infinitesimal variations of the gauge field, such as 

S^Uix, fi) = vlT''{x)U{x, m), (107) 

where T" are the (anti-Hermitian traceless) generators of the gauge group in some suitable repre- 
sentation R, then the variation of the effective action, defined in equation (|106p will be 

5^ Indet M = Tr [{5^D)Pjj^P+] - iL„, (108) 

where 

L„ = i{vj, 5i,Vj) — i{Si,Vj,Vj). (109) 

The first term in equation (jlOSp is obtained from the variation of M, the second from the variation 
of the measure. A current can be defined from L^,, 

= <{x)rjx) (110) 
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and Liischer's first requirement for a valid chiral gauge theory is that this current is local. His 
second was that the measure should respect the gauge covariance, which means that equation 
(jlOSp should be zero when w is a gauge transform 

Vf^Luix) ^U^{x)io{x + fi)Ul{x) - L0{X). (Ill) 

Liischer's third condition considers paths in the space of possible gauge fields. If we write the 
gauge field as J7*, where t indicates the location on a smooth curve in configuration space, then 
for a closed loop (running from i = to t = 1), we can define a Wilson line 

W ^e^fo'^*^^, v,{x) ^d,{Ul{x)){Ul{x))-\ (112) 

Writing P* and P' as the projectors associated with a gauge field f/*, and defining the unitary 
operators, 

dtQ' =[dtP\P'W g°=i, 

dtQ' =Q\dtP\p'\ Q°=l, (113) 
from which it can be proved that 

{QT^PtQ* 

Q'PtiQ'r' (114) 

Liischer's third condition is that, for a closed loop, W should be independent of the path used to 
travel from to [/*. 

In this section, I intend to begin a discussion of how my new construction fits into this frame- 
work, although I will here limit myself to a discussion of the current and variation of the measure 
under gauge transformations, neglecting the subsequent elements of the original discussion. How- 
ever, it is necessary to show that the three conditions are satisfied. 

First of all, I need to choose the basis vectors v and TJ, and it is particularly convenient to 
construct this basis from the eigenvector pairs oi H = 75-D2- In my matrix notation, I rewrite the 
Dirac operator as 



hi _A 

4 2 



H^Xl ^ V_^. |. (n5) 



For simplicity, I re- write this in terms of an angle 9, where cos 9 = A/2 and sin 6 = ^1 — A2/4. 
Then, 



sm 9 


cos 9 


cos 6 


— sin 9 


sin 9 


— cos 


— cos 6 


' — sin 



5" = 



and the eigenvectors of S and S are (suppressing the eigenvector index) 

|^+) \ / cos(^/4 -9) - sin(^/4 - 9) \ f \H+) 
|S'_) J \sm{Tr/A-9) cos(7r/4 - 61) / ^ 1^-) 

|^+) \ / cos(7r/4) sin(7r/4) \ / \H+[ 
j I -sin(V4) cos(^/4) j I \H^[ 



(117) 



where and H-) are the eigenvectors of H with positive and negative eigenvalue respectively, 
and \S±) and \S±) are similarly the positive and negative eigenvectors of 5* and S. We can then 
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choose the basis such that v = \S+) and v = IS"-). Differentiating the eigenvectors using the 
procedure outhned in [45|, gives 



S.\H±) = il-\H±){H±\) 



1 



SH\H±), 



and 



{SvV,v) =sin 



{v,6^v) = - sin cos 



'H+\^S^H\H^) 



1^- 



-5„H\H. 



+1 



Therefore, 



=4 {{H-\6vH\H+) - {H+\5^,H\H^)) 



(118) 



(119) 
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Tr [5^{D2){S ~ S)]. 



(120) 



Using equations ([551) (|108p and the result SD\ ~ {D2 — Z)|)75/2, it is possible to show that 



(5„lndetAf = ^Tr [5^,{D2)D^^] + ^Tr 
and the current j^(x) is defined as 



SAD2 



D D2 



+ -Tt [5,{D2){S - S)], (121) 



Tr [v^{x)j^{x)] = -Tr MD2){S - S)]. 



(122) 



I need to demonstrate that is local and S^, In det M =^ when v represents a gauge trans- 
form. The proof of the second condition is straight-forward. The first term in equation (|12ip is 
6i,Tt [In 02], and, since the eigenvalues of D2 are invariant under a gauge transformation, this is 
clearly zero. For the second and third terms in equation (|122[) . I use the result 4J] that for a 
gauge transformation. 



S^{D2) = [R{u:),D2] 



(123) 



where R is the representation of the SU(3) generators, and the infinitesimal gauge transformation 
V is defined in terms of uj through equation (jllip . Using the Ginsparg- Wilson equation, I now 
write the second term in equation (|12ip as 



iTr 

4 



^-Tt [Riu;){S + S)] 



1. 



-Tr 



i?(c^)75\/l 



DW 



in the topological trivial sector. The third term is proportional to 

U--^Tr R{uj)j5D^D\ll 



(124) 



(125) 



because Tr 75 = and everything else within the trace commutes with 75. Thus both the effective 
action and the measure of the chiral gauge theory are gauge- invariant. 

We can ask how the measure changes under a change in the gauge field. Equations (|113p and 
(|114p describes the unitary operators Q and Q which evolve the projectors under a change of the 
gauge field. Using equation (|102p . the change in is given by In det Q — In dot Q. Since all gauge 
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transformations within a topological sector are connected, it suffices to consider an infinitesimal 
change in the gauge field from a 'time' i to a 'time' t + St. Then, from equation (|113p . and 
implicitly summing over the eigenvector indices i and j, 

SiQt) -(1 - 2Pt)SiPt)Qt 

=(|5;)(5;i - \si){sim\sL)){sL\ + \si)5{{sL\)). (126) 

Hence, 

det{Qt +SQ) =det[Q] det[|5;)(5;| + |51)(51| + 

\S\_){Sim\Si_)){Si\ - \Sl){{Sl\S{\SL)){SL\ + S{{SU))] 
= det[g](l - - S{{Sl\)\Sl)). (127) 

Since (5*1 |(5(|5i)) = 0, det[Qt+5t] — det[Qt], and by induction, as Qo is defined as 1, detQt = 1 for 
all t. This means that L„ remains zero when the gauge field is evolved, and the Wilson loop from 
equation ()112p is always 1. It obviously follows that the value of the Wilson loop is independent 
of the path, and Liischer's third condition for a valid chiral gauge theory is satisfied. 

I now need to demonstrate that the current associated with the gauge transformation is local. 
I use the integral representation of the matrix sign function, 

sign = ^ r dt{t^ + (128) 

J-oo 

and the current associated with the transformation of the gauge fields is generated by 



47r^Tr [j,v,] =5^{H,) ( t^^^^{S - S)^^^t - H^^lJ^{S S)^^^H, ] , (129) 



where Hi, given explicitly below in equation 11311 satisfies Hi = 751?^ """^^(n, n'), where /j-^-^^^ce 
corresponds to the operator between lattice sites n and n' . Using the notation of equation 

"""^'^(n, n') = {Bx)~^ DiB~^ Once again, I require a slightly redefined form of the Wilson 
blockings, this time making them functions of t by modifying the mass term: 

Bwiy,xm =^ C'e-«^. \^.-n.\Yle - \x, n,\\ 6 (\ \yp - np\\ 

n /3,7 ^ ^ ^ ^ 

e-7.(m+i*75)(l+-=+3er-)fe-n,)/(l+2r^e) + rJ^loNiye - Ug)^ 

^ e-^[^-"lC/[£„,]e-^[^'-lC/[£„,,], 
Bw{x', ym = J2 C'e-^^^ ^^^^^^ J] g Q _ j^,^ _ e Q - \yf, - n,\^ 



J2 e-^[^=^."lc/[£„,]e-^[^"-l[/[£„,,]. (130) 
The inverse Wilson blockings can be constructed as in equation PT|) . Then, defining Hi as the 
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lattice part of the Hermitian Wilson operator, 

Hi{n,n') =75 j d^yO \yfi - np\^ ^1 - r ^ 7e7V(2/e - ng) j 



\Vl3' - np, 



(131) 

I can write that 

Yt^Bw{t)DoBw[t)-ir,Bw{-t)DoBw{-t)\{x,x') = B,{x,n){Hl + e)B,{x\n')x^, (132) 

where B^ and Xn are defined in and above equation (|48p together with c?„ which I shall require 
shortly. Then, if 5*0 is the Greens function associated with Z?Oj 



{Hl+t")-^ = x-'B,B^\-t)SoB^ {-th5B^\t)SoB^ {th^B,. 
Finally, to construct the current itself, I assume that v is invertible, and write that 

S^Di = w^A„ [Di] , , 

where 

A, = lim(uJ-i(e^''''^"-^'^^^W - 1), 

and I use 



-1/2 



(133) 
(134) 

(135) 
(136) 



It is now merely a matter of straight-forward algebra to determine whether the current is local. 
I simply Taylor expand the square root in equation (|136p . and using either a polynomial or the 
integral representation of the matrix sign function in S* — S*, insert equations (|136p and (|134p into 
equation (|129p to extract the current, then Fourier transform the current using the methods of 
section [SJ recombine the polynomial or integrate over the dummy variables to recreate the sign 
functions, and finally test to see whether the result is analytic. Writing 



(t) = / d^ye-'f" 



^ (^^ - \yi3 - npl^ ^ ~ r^jeN{ye - no)^ 



U[Sln,y]So 



\yi3' - np, 



,-7,.(™+^*75)(l+r^+3er2)(y^-„' )/(l+2r^e) 



e'f" 75 



and 



hnit) = 75 1 d'ye-^P-'e Q - \yp - |^1 -r^^leNiye - ne)^ 



„7^(m+it75)(l+r2+3er2)(y^-n^)/(l+2r2e) -W[£„,„] 



U[^n.y]Do 



-7f.(™+*t75)(l+r^+3er^)(yf,-n' )/(l+2r^e) 



(137) 
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the Fourier transform of the current is 



47rKTr [Ft {jfiVfi}] = / dtS^{hn{0)) i tsn{t)sn{-t) {j^sign {'j^^ndn) - sign {'j^^ndnh^) 

J — OQ \ 

— 1/2 

(2 - 75sign i'fsXndn) ~ sign (75a;„ii„)75) Sn{t)sn{-t)t - 
/in(0)s„(i)s„(-i)(75sign (75a;„d„) - sign {-f^Xudnhs) 

]^ /2 \ 

(2 - 75sign (75X„d„) - sign {'fsXndnhs) s„(t)s„(-t)/i„(0) I . (138) 

75-Herniiticity and CV invariance of 75^n(0) mean that the Fourier transform of hn{0) must 
be of the form Zo{p) = —777,75 + j^Zr^^p) + ^^^^Z^{p), where Z^ and Z5 are real functions. 
Since s„ is associated with the Green's function of /iq, it wiU have a simple pole at it + Zq(j)), 
and this wiU be the only potential non-analyticity in the current (given that the term which we 
take the inverse square root of is positive in this trivial topological sector and that the Wilson 
propagator only has one simple pole). Zq commutes with both Zq and 75. Thus we can write that 
Sn{t)sn{—t) = w/{t^ + Zq), where w is some constant. Using the results, 



00 



t 

dt 



{t-^^ziY 2\z,y 

,'^*WTkr=^- ^^^^^ 



I write that the Fourier transform of the current is proportional to 

(757m^m)(^5 - m)75(757,,Zp), 



((Z5 - m)2 + Z2)2 



where I have expanded (2 — 75sign (Zq) — sign (^)75)~^^^ around Zq = and neglected the higher 
order contributions. This is analytic for real g^^l . and since there are no possible poles except at 
Zq = 0, this means that the current is local. Thus this formalism satisfies Liischer's three criteria 
for a valid lattice chiral gauge theory. 



9. Conclusion 

I have shown that, in Euclidean space-time, certain lattice Dirac operators are connected to 
the continuum Dirac operator by a renormalisation group transformation, and for overlap fermions 
(and, by extension, it is easy to show that other Ginsparg- Wilson fermions constructed from the 
overlap operator [20j can be constructed using similar blockings ^33] ) this transformation remains 
valid as 1 take the 'lattice limit,' which it does not for other lattice fermions, as long as the lattice 
topological index matches the continuum topological charge. Using this method, I have proposed 
a formalism for a lattice chiral gauge theory, which obeys CV symmetry and which reduces to the 
continuum chiral gauge theory, at least in the trivial topological sector. 

I have made a number of key assumptions, which need to be tested in specific circumstances: 
including that the topological charge of the overlap operator reduces to that of the continuum, 
and that both the matrix sign function of the Wilson operator and the overlap operator remain 
local even if the operator has a precise zero mode. I have only considered the chiral gauge theory 
in the sector with zero topological index. If this work is to be given credence, these assumptions 
and limitations need to be addressed in subsequent work. 

This work is primarily intended as a theoretical study: to tie up a number of loose ends with the 
overlap formalism; and as such I have not considered whether there are any practical benefits to 



"Except possibly on those gauge field configurations where the kernel operator has a precisely zero eigenvalue, a 
situation which has zero measure in the functional integration over gauge fields. This corresponds to the boundary 
between different topological sectors. 
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this work. Whether this method can be used to, for example, calculate rcnormalisation constants 
for overlap fermions or match a lattice renormalisation scheme to a continuum scheme is a matter 
which I leave to a future discussion. 

It has been questioned whether this work implies that overlap fermions are classically perfect 
(in contradiction to numerical experience). There are two responses to this: Firstly, renormali- 
sation will be required to compare between the results at two different lattice spacings, and the 
renormalisation constants will depend on the scale, and, secondly, this work assumes that an over- 
lap construction of the gauge action is used, while (to my knowledge) no full scale simulations have 
been performed using an overlap gauge action. The discrepancy between the gauge and fermion 
actions will lead to lattice artefacts. 

However, this work does suggest that it might be possible to move from a properly tuned lattice 
theory to the continuum theory by a renormalisation group transformation, avoiding a continuum 
extrapolation; the difficulty being that the blocking requirc!s the; continuum gauge fields and not 
just the lattice links. Whether such a method exists or could be used practically is, of course, a 
subject for future research. 
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A. Notation 

I use the following 7 matrix notation: 

7== (J _;) (140) 

where i = 1, 2, 3 and ai are the Hermitian form of the Pauli matrices. The other representation of 
the 7-matrices, g^, is defined below. 

B. Overlap eigenvalue decomposition 

The overlap operator is 

£>2 = l+75sign(75£'i), (143) 
and the squared Hermitian overlap operator, 

D2DI = 2 + 75sign (75-Di) + sign (75.01)75, (144) 

commutes with 75. This means that the non-zero eigenvalues of D2DI are degenerate, and D\D2 
can be written in a chiral basis 

D2DI = ( °2 ) • (145) 
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The degenerate eigenvectors of -D2-D2 are \i>+) and \'>p-), where 75|'0±) = ilV'i)- Thus 
{iP+\D2DI\^+) =A2 = 2 + 2(V'+|sign (75^?^)!^'+) 

{i:4D2Dl\^^) =A2 = 2 - 2(V-|sign (75i^v^)|^-). (146) 

Since the matrix sign function is Hermitian and given that [sign (751)1)]^ = 1, I can write, in 
some suitable and non-standard 7-matrix representation where (excluding some, as yet undefined, 
contribution from the zero modes and their partners) g^2^ = \ + |V'-)(V'+El|: 



sign {^,Dw) - I ^ \. I ' (147) 



^-1_ Av/l-f 
A!. ^ - K. 

(2) 

Now, given that both 72 and £^re invertible, 1 can write that 

= U2I2U2, (148) 

for some matrices [72 and ?72. That 72 and g^"^ are Hermitian means that U2 = U^- 7! = 1 and 
{9^2^ Y — 1 force 1)2 to be unitary. 1 can use these unitary U2 operators to construct the complete 

f2) " ~ t 

representation of 7-matrices, f//j = U2^i_iU2- It is easy to demonstrate that these satisfy the same 
anti-commutation relations as the standard 7-matrices. Since the ^-matrices are constructed from 

the eigenvectors, = X]i(IV'+)(V'+l ~ |V'!-)(V'-I) plus some contribution from the zero modes and 

(2) " " 

their partners, I can write 175 = 75. This means that [C/,75] — 0, so that U2 can be decomposed 

as 




U21512uUdW (^1 - j (150) 



for unitary U2- 
It follows that. 



The zero mode and its partner at 2 also form a pair of eigenvalues, although this time the eigen- 
values do not have the same magnitude. In the basis of the zero mode and its partner, the Dirac 
operator can be written as 1 ± 75, with the sign depending on the chirality of the zero mode. 

Equally, the continuum Dirac operator has non-zero eigenvectors in degenerate pairs. The 
Dirac operator anti-commutes with 75, is anti-Hermitian, traceless, which means that Dq can be 
written in matrix form in the basis of a pair of non-zero modes 

^o=f^,,,2U fH- (151) 



-A(C/2)t 

For simplicity, in sections O E] and [71 1 have omitted the superscript indicating which g-matrix is 
used (depending on which Dirac operator) . It should be clear which of the two different g-matrices 
is intended in the main text. 

(2) 

^2 can be written as 

--7(1-75)^^2(1 + 75)- ^ 



4^ 



DlD2il-DlD2/^) 

\{l + 75)^2(1 - 75) . ^ + l^o)(^2| + |^2)(V'ol (152) 

'0102(1-0102/^) 



with g^^ defined in a similar way. 



^'^I write this as 92 rather than 34 because of the way in which it transforms under CP, see section [C. 31 
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c. cv 

Charge conjugation is defined as 

U{x,ij) ^U{x,ij)*, (153) 

where 'T' denotes the transpose and '*' the complex conjugate, and the charge conjugation matrix 
C satisfies 

C^C=l, C^=-C, C7^C-i=-7j, C^^C-^=il. (154) 

The Dirac operator Dq transforms as 

Do[U]{x,y) ^ C-^D[U*]{x,y)^C, (155) 

and it is straightforward to show, by expanding the matrix sign function in a polynomial series, 
that Di , Be and D2 must transform in the same way. 
The Parity operation is defined as 

i){x) -^Jil(){x), ip{x) ^V(^)74, 

where 

X = {-Xi,-X2,-X3,X4). (157) 

In this case, 

Do[U]ix,y) ^ 747^[[/^](x,y)74. (158) 

The CV transformation can be defined as 

ip{x) - W-^lp'^ix), W'^ =W, ^{x) -^lp^{x)W, 

U{x,ij) -^U^^{x,ijl), (159) 

where 

W'^W=l W-f^W-^ =[ ^} T '^l!'^'^ W"75W""^ = -7^. (160) 

Under this transformation, 

D[U]{x,y) = W-^D[U°P]{x,yfW. (161) 

The continuum action transforms under CV according to 

ii{x)Do[U]{x,y)^l^{y) -^i){xfWW-^Do[U^P]{x,y)WW-^Wii{yf 

=i^iy)Do[U]{y,x)ij{x), (162) 

and thus this action is invariant under CV. Similarly, for the chiral decomposition of the action 

^{x)Do[U]{x,y)ij{y) = kp{x){l + ^5)Do[U]{x,y){l - j5)i^{y)+ 

^^{x){l - j5)Do[U]{x,y){l+^5my), (163) 
both of the Weyl fermion actions are invariant under CP. 
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C.l. Transformation of D2 under CV 
Theorem [CTTt 

D2 transforms under CV according to 

Cr[D2{x,y,U)] = W-'D2{x,y,U^PfW, (164) 

if F{j^Di) is an odd function. 

Proof: 

First of all, it is necessary to determine how Bw and Bw , which are defined in equation (I4ip 
transform under CV. N{ye — ng) is an odd function, which means that CV['yeN{ye — ng)] = 
'yjN{y0 — no). Similarly, CVl'y^y^ — 7jy^- Those elements of Bw which are even in the 
coordinates are obviously invariant under CV . This means that 

CV[Bw{y,x,U)] ^W''Bwiy,x, u'^'^fW, 

CV[Bwiy,x,U)] ^W~^Bwiy,x,U^''fw. (165) 

Hence, 

CV[Di{y, X, U)] ^CV\Bw{y, v' , U)D^{y' , x\ U)Bw{x' , x, U)] 

=W-^Di{y,x,U^^fW. (166) 

It can also be shown that 

CV[Bc{y,x,U)]^ Bc{y,x,U''''f . (167) 

D2 is defined as 

D2 =1 + ^75(i^[75^i] + -F[-75^i]) + \l^{F[iM ~ F[-lM) 

=1 + 75 c„(75A)"+75 Yl c„(75A)", (168) 

n=0,2,4,... n=l,3,5,... 

where Di = Di — Be This gives 
CV[D2{x,y,U)] 



n=0,2A... n=l,3,5... / 



( 1 - ^75(i^[75i^i([/^^)] + F[-75i^i(C/^^)]) + 



^75(^[75^i(C/^n)-^h75^i(t/^^)])) W. (169) 



And the result follows directly. 



C.2. Proof that an operator expansion of Tr \og{BB) cannot contain F^i,F^i, 
Theorem [CTH 

// both D and D2 transform in the standard way under CV ( equations \161\) and \164^ ) 
then the expansion of Tr log(_B_B) cannot contain a term proportional to Ff^^F^^. 
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Proof: 



I consider how B and B transform when the symmetry is apphed. I define 

CV[B] =tcp, 

CV[B] ^Bcp. (170) 

Then, using D2 = BDqB, 

CV[D2] ^W-^D2[U^^]{x,yfW 

^tcpW-^Do[U^^]{x,yfWBcp. (171) 

Thus, 

CV[t[U]{x,y)] =W-'B[U'''']{x,yfW, 

CV[B[U]ix,y)] =W''t[U'''']{x,yfW, (172) 

and, by expanding log(-Bi?) in a polynomial, 

C-p[log(;^B)] = W-^ log[B[U'^^]{x,yf^U^P]{x,yf]W. (173) 
Using the cyclicity of the trace, that the trace of the transpose of a matrix is equal to the trace 
and by suitably redefining variables it immediately follows that Tr log(-Bi3) is invariant under 
CV. But, as is well known, F^^F^^ is anti-symmetric under CV. Therefore this term, and any 

other terms which are not invariant under CV are forbidden in the expansion of Tr (log B]3) . F^^ 
is invariant under CV and therefore allowed. 

C.3. Transformation of g^^ ^ under CV 
Theorem [CTst 

The alternative 7 matrices, have the same transformation properties under CV as 
the standard ^-matrices, 7^. 

Proof: 

The definition of 32 is given by equation (|152p . and, excluding the zero mode term, this is: 

<2) 1,^ , 1 



ffr = -7(1-75)^2(1 + 75) 



'IdID2{1- DID2/A) 



^(1 + 75)^2(1-75) , ^ (174) 

IdId2{i-dId2Ia) 



It is straightforward to show, using equations (|160p and (|16ip that under CV, 
WCV[gf\x,y,U)]W-^ 



\{l+lI)Dl{l-lI) 



i(l-7l')i?J(l + 75^^' ' 




Id\d2{i-dId2/^), 

T 



IdId2{i-dId2Ia)^ 

=W{g^^^fW-^ (175) 

where the last identity uses [D2,D\D2] = [d\D2,^z\ = 0. 

Writing g^ — U^^U\ we can derive the transformation properties of the U matrices from how 
g2 transforms. From this, it can be shown that the g^ matrices transform under CV in the same 
way as 7^. 
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C.4- Transformation of zero modes of D2 under CV 
Theorem [CTH 

Under CV, the zero modes and their partners transform according to 

crUo)]^w-^\^2), crU2)]=w-^\^o). im 

Proof: 

In section[71 1 required the transformation properties of the zero modes of D2 and their partners 
under CV. These vectors, Itpo), and \ip2) satisfy (in a sector with negative topological index) 

sign(75i:)i)|'(/'o) =|V'o), sign(75i:)i)|V'2) =|V-'2) 

75lV'o) =IV'o), 75lV'2)=-|V'2) (177) 

These two eigenvectors (along with the other zero modes and their partners if the topological 
index is greater than 1) are the only spinor fields which arc simultaneously eigenvectors of 75 and 
sign (75l?i), and, indeed, 75sign (75-01)75. Suppose that under CV, IV'o) transforms to \ipQ^)'^ 
and \tlJ2) to \ip2'^)'^ ■ Then equation (|177[) will transform to 



(178) 



It is now easy to deduce that 

75sign(75Di)75W^|V'^r''> ^W\^o''), 
75sign(75Z?i)75W^|V'2''''> ^WHj^"") 

CP\ _ ti/L;,CP\ 



j,W\^^P) =Ty|^r>, (179) 

and the result follows. 

C.5. Proof of equation i90\) 
Theorem [CTst 

Under CV , the Ginsparg- Wilson functions S and S transform according to 

CV[S] = - W'^S^W, 

CV[S] = - W-^S'^W. (180) 



Proof: 

In section [71 equation ((87|) . I defined S and S as 




75 (-D^ - D2) 



4 



D!2D2 1 „ . 1 



775(^-^2)^ , ■ (181) 



^ 4 
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and I required how these transformed under CV. Given that D commutes with 75, it is easy to 
show that 



w-^cv 



75 \1 



DID, 



W : 



75 \1 



DID2 



w-^cv 



15{DI-D2] 



DID2 



W={ j,iDl~D2) 



D'D2 



(182) 



and equation pSOp foUows immediately. 

That the alternative definition of S and S given in equation (|86p obeys CV follows from the 
results of the previous appendices. 
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